Abstract. We study a class of inner functions introduced by Gorkin, Mortini, and Nikolski, and motivated by Banach algebras and functional calculus applications. Answering their question, we produce a singular function that cannot be multiplied into this generalized Carleson-Newman class of inner functions (the class of functions satisfying the so called weak embedding property). Furthermore, we give elementary proofs for some results on these classes obtained earlier using arguments related to the Gelfand representation of H ∞ .
Introduction
Given an inner function Θ in the unit disc D, denote by Z(Θ) its zero set in D. The pseudo-hyperbolic distance in the unit disc is defined as ρ(z, w) = |z − w| |1 −zw| .
V. Vasyunin proved in [5] that a Blaschke product B is interpolating if and only if for some c > 0 we have
|B(λ)| ≥ c ρ(λ, Z(B)), λ ∈ D,
where ρ(λ, Z(Θ)) = inf ρ(λ, w) : w ∈ Z(Θ) .
For interpolating Blaschke products and other notions related to the function theory in the unit disc see, for instance, [1] . Furthermore, P. Gorkin and R. Mortini [2] proved that a Blaschke product B is a product of N interpolating Blaschke products (is a Carleson-Newman Blaschke product) if and only if for some c > 0 we have |B(λ)| ≥ c ρ(λ, Z(B)) N , λ ∈ D. Recently, P. Gorkin, R. Mortini, and N. Nikolski [3] introduced an interesting class of inner functions determined by an asymptotic condition on its level sets. Let us say that an inner function Θ is a generalized Carleson-Newman inner function (Θ satisfies the so called weak embedding property (WEP), a weakening of the well-known Carleson embedding property) if and only if for every ε > 0 there exists δ > 0 such that
It is proved in [3] that Θ is a generalized Carleson-Newman inner function if and only if the space H ∞ /ΘH ∞ satisfies the norm controlled inversion property:
An equivalent property is formulated in terms of (the spectral properties of) the model operator 
Example 3.7 in [3] shows that there exist generalized CarlesonNewman Blaschke products which are not Carleson-Newman Blaschke products. For more information on generalized Carleson-Newman inner functions see [3, 2, 4, 6] . Still, not enough is known about the geometric characteristics of Blaschke sequences Λ and about measures ν on T such that B Λ , B Λ S ν are generalized Carleson-Newman inner functions.
The aim of this note is to give more information about such inner functions. In particular, we answer (in the negative) Question 4 at the end of [3] : there are inner functions I that do not divide generalized Carleson-Newman inner functions. Furthermore, we give new proofs for some facts about generalized Carleson-Newman inner functions. These proofs are more elementary than those in [2, 4] : they do not use notions and results pertaining to the space of the maximal ideals of H ∞ .
Main results
We say that a function U ∈ H ∞ (D) is a generalized CarlesonNewman function (or satisfies the WEP condition) if for some increasing function ψ : (0, 1) → (0, 1),
We start with the following result proved in [2, Theorem 3.6] using results concerning the space of the maximal ideals of H ∞ .
Proposition 1. Let B be a Blaschke product with the zero set Λ,
Then B is the product of n interpolating Blaschke products.
In the next section we give a more elementary proof of this statement. Furthermore, we formulate one more result established in [2, Theorem 5.1] (they also cite D. Suarez), [4, Theorem 4.1] using the space of the maximal ideals of H ∞ . Denote
Proposition 2. Let U be a generalized Carleson-Newman inner function, and let ψ satisfy (1).
is a Carleson-Newman Blaschke product.
In the next section we give a more elementary proof of this statement.
[3, Example 3.7] gives a generalized Carleson-Newman Blaschke product B which is not a Carleson-Newman Blaschke product. Here we give a somewhat different example.
Proposition 3.
There exists a sequence of finite Blaschke products (B k ) k≥1 such that if |w k | tend to 1 sufficiently rapidly, then
is a generalized Carleson-Newman Blaschke product but not a Carleson-Newman Blaschke product.
This construction shows, in particular, that the indicator function 
On the other hand, one can use this construction to see that a finite pseudo-hyperbolic perturbation may make a Blaschke product to stop being generalized Carleson-Newman: there exists two Blaschke products B, B * with zero sets
To deal with divisors of generalized Carleson-Newman inner functions, we introduce the following notion. We say that a function U ∈ H ∞ satisfies the weighted area condition (A) if for any ε ∈ (0, 1),
Proposition 4. If U ∈ (A), then there is no Blaschke product B such that BU is a generalized Carleson-Newman function.
The following result answers Question 4 in [3]:
Theorem 5. There exists a singular inner function S = S ν ∈ (A). Therefore, there is no Blaschke product B such that BS is a generalized Carleson-Newman inner function.
An easy modification of the construction in the proof of Theorem 5 (using small Frostman shifts of singular factors of S), gives a Blaschke product B ∈ (A). Therefore, there is no Blaschke product B 1 such that B 1 BS is a generalized Carleson-Newman inner function.
In the proof of Theorem 5 we construct an atomic measure ν = k c k δ λ k such that S ν cannot be multiplied into the WEP class. The set {λ k } is countable, and its entropy is infinite. A simple modification of the construction in [3, Example 3 .7] produces a measure ν 1 = kc k δ λ k withc k > 0, and a Blaschke product B 1 such that S ν 1 B 1 is a generalized Carleson-Newman inner function.
Thus, just information on the support of µ is not enough to decide whether there exists a Blaschke product B satisfying BS µ ∈ WEP. It is interesting whether one can construct an example like that in Theorem 5 such that the entropy of the support of ν is finite.
Proposition 4 gives a necessary condition (U /
∈ (A)) for the existence of Blaschke products B such that BU ∈ WEP. Next we verify that this condition is not sufficient. For simplicity, we pass here to the half-plane setting.
Proposition 6. There exists a singular function S in C + = {z : ℑz > 0} such that for any ε ∈ (0, 1),
but there is no Blaschke product B such that BS is a generalized Carleson-Newman inner function.
Proofs
Proof of Proposition 1: (a) Given z ∈ D, 0 < δ < 1, denote
Fix z ∈ D and let us verify that
Indeed, for some absolute constants c 1 , c 2 > 0 we have
By (2), we have
and, hence, M ≤ N(A, n).
(b) Let us verify that for some δ = δ(A, n) > 0 we have
Otherwise, suppose that
for some z and sufficiently small δ. Then
Hence,
that contradicts to (a) for sufficiently small δ.
(c) Next we consider the following graph. Its vertices are points of Λ, and two points z and w in Λ are connected by an edge if and only if ρ(z, w) < δ/(2n), with δ defined in (b). Now, the statement (b) implies that connected components Λ α ⊂ Λ, α ∈ A, have at most n elements. We divide Λ into n subsets Λ j , 1 ≤ j ≤ n, in such a way that
Let us verify that Λ j are interpolating sets. Fix, say, z ∈ Λ 1 . Since
we can choose
If B 1 is a Blaschke product constructed by Λ 1 , then by (2)
w ∈ ∂D(z, δ 1 ).
Using the Möbius transform ϕ z , we conclude that B 1 satisfies the Carleson condition:
Proof of Proposition 2:
To verify that the Blaschke factor of U γ is a Carleson-Newman Blaschke product it suffices to check that for some c, k depending on γ, a and U we have
and use Proposition 1. Let ε > 0, 0 < a < 1, (1 + ε)|γ| < ψ(a). Consider w ∈ D such that |U γ (w)| < ε/2 (otherwise, there is nothing to check). Then |U(w)| < ψ(a), and ρ(w, z 0 ) ≤ a < 1 for some z 0 ∈ Z(U). We have
Comparing the behavior of the functions (x − a)/(1 − ax) and x A for x → 1− for large A, we find that for some A = A(a, γ) < ∞ and c(a, γ) < 1, the set
is a subset of D(z 0 , c), and, hence, by (4),
Let U γ = BS, where B is a Blaschke product, and S is a singular function. We count the points in Z(B) = Z(U γ ) taking into account their multiplicities in B. Then,
Thus, by Proposition 1, B is a Carleson-Newman Blaschke product, that is a finite product of interpolating Blaschke products.
The function log(1/|S|) is harmonic and positive in the unit disc, and ρ(z 0 , w) ≤ a < 1. Therefore, by the Harnack inequality applied, say, to log(1/|S(ϕ z 0 )|), we obtain
Hence, for sufficiently small δ, the set {z : |U γ (z)| < δ} is contained in a neighborhood of Z(U γ ) consisting of relatively compact components. This implies that S = 1.
Proof of Proposition 3:
Let us divide D into the union of Whitney squares
Therefore, if
where ψ(x) = c 1 x exp(−c/x 4 ), with c, c 1 independent of N. Now, if |w k | tend to 1 sufficiently rapidly, then Since
we obtain
Proof of Theorem 5:
Then µ = nε, and for some absolute constant c > 0 we have (P * µ)(z) ≥ cεN for 0 < arg z < 2πn/N, 1/N < 1 − |z| < n/N. Therefore,
Let us choose ε k , n k , N k satisfying the asymptotic properties
for example, we can take
If ν is the sum of the measures µ ε k ,n k ,N k , k ≥ 1, then S ν ∈ (A). Thus, by Lemma 2, there is no Blaschke product B such that BS satisfies the WEP condition. Finally,
If now j≥1 n j N j · 2 2n j < ∞, and n 5/3 j N j · 2 2n j → ∞, j → ∞, then our function S satisfies all the above-mentioned conditions.
